Abstract-In a heterogeneous cellular network (HCN), multiple tiers are employed to improve the network coverage probability. For this purpose, different properties of the coverage probability of an HCN should be studied carefully. This paper is classified into two main parts. First, a tight upper bound for the coverage probability of an HCN is derived. It is shown that this upper bound can be used as a good approximation for computing the network coverage probability. At the first glance, one may suppose that adding a new tier to an HCN improves the total coverage probability. In the second part, we study and formulate this problem and investigate the circumstances under which the coverage probability is improved by adding a new tier. Simulation results confirm the validity of our work and show that adding more base stations in the form of a new tier in populated areas can significantly increase the coverage probability, while in less dense areas adding a new tier is not much efficient in terms of improving the coverage probability.
I. INTRODUCTION
Heterogeneous cellular networks (HCNs) are the next generation communication networks that are mainly classified into macrocell, microcell, picocell, and femtocell [1] , [2] . Macrocells are the base stations (BSs) deployed in today homogeneous cellular networks, while other small cells are added to make the network heterogeneous and are primarily categorized by the size of their cells. Naturally, the region covered by each cell is directly proportional to the cell size. Picocells, which are also known for covering dead zones in a cellular network can be employed at airports, train stations, and large shopping malls [1] . On the other hand, femtocells or home BSs are specifically used in small offices and homes and are widely known for their closed-subscriber group facility, i.e., a femtocell can be adjusted so that only a special group of users are able to connect to it [3] , [4] .
The mathematical analysis of the coverage probability for cellular networks has received a lot of attention in the literature [2] , [5] , [6] , [7] . A tractable model for coverage and rate in cellular networks is developed in [6] using stochastic geometry [8] , [9] . The works in [2] and [5] adopted the approach proposed in [6] to model and analyze HCNs. In [2] , the coverage probability of a K-tier downlink HCN is derived in both open and closed access scenarios. In the open access case, cellular users can be connected to each tier without any restriction, while in the closed access scenario, this connection is limited to a subset of tiers [2] , [7] . In an HCN, each tier is characterized by its power, density, and signal-to-interference-plus-noise ratio (SINR) threshold. The analysis of an HCN coverage probability in a Rician/Rayleigh fading environment is analyzed in [10] . The authors used an exponential-series approximation for evaluating the coverage probability of HCNs, in which the desired and the interfering signals were corrupted by Rician and Rayleigh fading powers, respectively. The derivation of the coverage probability with more channel deficiencies are studied in [11] , where different fading and shadowing models are included in the analysis. In [12] , a cooperative communication between BSs is considered and an upper bound for the coverage probability of an HCN is derived.
In this paper, first of all, the fundamental results of [2] in computing the coverage probability of an HCN are reviewed. Afterwards, a closed-from upper bound for the coverage probability is proposed. We then have a close look at the effect of adding a new tier to an HCN. To the best of our knowledge, the effect of the number of tiers of an HCN on its coverage probability has not been studied yet. Extending the size of an HCN by adding a new tier provides more resources to cellular users, whereas it imposes more interference to them. Consequently, the coverage probability may not necessarily be improved by adding new tiers. We investigate the necessary conditions for the coverage probability of an HCN to be improved by adding a new tier. This problem is addressed in an interference-limited scenario, where the effect of noise is neglected, in which a simple and intuitive constraint for the parameters of the network is derived. One interesting result is that adding new tiers to the network in populated and dense areas can remarkably increase the coverage probability; however, in less dense areas, this does not improve the coverage probability significantly. Finally, the correctness of our analytic results are confirmed by simulations.
The rest of the paper is organized as follows. In Section II, the system model is presented. We bring the coverage probability of an HCN along with its proposed upper bound in Section III. Constraints on adding a new tier for both open and closed access scenarios are discussed in Section IV. Simulation results in Section V validate our analysis. Finally, the paper is concluded in Section VI.
II. SYSTEM MODEL
We consider an HCN consisting of K tiers of BSs, as depicted in Fig. 1 . The BSs at each tier are distributed according to a homogeneous Poisson point process (HPPP) Φ i with intensity λ i . An HPPP is defined as follows:
• The number of points in any bounded region R is a Poisson random variable with intensity λ× R , where R denotes the area of R.
• For disjoint bounded regions, the number of points in each region is independent from the number of points in all other regions.
• Homogeneity requires λ to be constant.
All BSs of tier i have transmit power P i . In order to establish a reliable connection at the i th tier, the received SINR at each user in that tier has to be greater than an SINR threshold β i . Based on Lemma 1 of [2] , a simplifying assumption is to set β i > 1, which says that at most one BS in the entire network can meet the SINR requirement.
A cellular user is placed at the origin and the analysis is driven for this typical user. The distance-independent fading power h between the typical user and a BS is supposed to be i.i.d. exponential with mean 1. For a BS located at distance x from the origin, the path-loss is assumed to have the standard form x −α , where α > 2 is the path-loss exponent. Hence, the received power at the typical user from BS i located at x i is P i h xi x i −α . The additive noise power is assumed to be σ 2 throughout the network. As a result, the received SINR at the typical user from a BS at distance x i is formulated as
The connectivity model used here has a max-SINR basis, mathematically speaking
which states that cellular users connect to the BS which offers the highest received SINR.
III. COVERAGE PROBABILITY AND ITS UPPER BOUND
Using the assumptions mentioned in Section II, the coverage probability of a K-tier HCN in open access is [2] 
where
In a very high SNR regime, the effect of noise is simply neglected, which makes the interference term dominant. In such interference-limited networks, the coverage probability reduces to the following closed-form equation
where the superscript "nn" denotes the "no noise" case. Likewise, in the closed access interference-limited scenario, we have the following equation (Lemma 2 of [2] )
where the typical user is only allowed to connect to the subset B ⊂ {1, 2, . . . , K} of the available tiers in the network and the superscript "nnc" denotes the "no noise & closed" case. Due to a lack of resources, the coverage probability in the closed access scenario is less than the open access case.
For the general case, i.e., considering noise and interference, Proposition 1 gives a tight upper bound for the coverage probability of HCNs. Proposition 1. The coverage probability of an HCN (3) is upper bounded as
where Γ(t) = ∞ 0 x t−1 e −x dx is the Gamma function, and u i and v i are constants satisfying
Proof: The proof is given in Appendix A.
It is worthwhile to note that the Hölder's inequality is used in the proof of Proposition 1, which has the Cauchy-Schwarz inequality as a special case with u i = v i = 2. Rewriting (6) using the Cauchy-Schwarz inequality, we have
Although the expression in (7) has a simpler form than (6), it does not have a suitable precision. The validity and tightness of the derived upper bounds for different values of α are shown via simulation in Section V. The upper bound in Proposition 1 is so tight that it can be used as a close approximation for the exact coverage probability of an HCN, while (7) is shown to be a loose upper bound. Proposition 1 can be employed to derive the required constraints of adding a new tier to the network, which is described in the next section. However, since the effect of noise can be neglected in many practical occasions [2] , [7] , we mainly narrow down our analysis to special cases including the interference-limited scenario and relatively lossy environments (α = 4), which are also mathematically more tractable. Next section is devoted to deriving constraints on adding a new tier for the coverage improvement.
IV. CONSTRAINT ON ADDING A NEW TIER
In HCNs, adding new tiers to the network is basically due to the emerging need of having a better coverage probability [2] , [5] . Thinking in this way, Equations (3)- (5) 
, and arbitrary path-loss exponent.
A. Open Access, No Noise, α > 2
As derived in [2] , for the interference-limited scenario, the coverage probability is given by (4) . We are interested to find out under what conditions this function is strictly increasing with respect to K. Mathematically speaking, we would like to know when the following equation is valid
where the coverage probability is now considered as a function of the number of tiers K. Using (4), the inequality in (8) can be rewritten as
, which after some algebraic manipulations results in
The expression in (9) states that by adding a new tier to an HCN, the coverage probability improves only if the signal-tointerference ratio (SIR) threshold of the added tier, β K+1 , is less than a value which is a function of the coverage probability of the original network. Another interesting result of (9) is that in an interference-limited scenario, as long as the SIR threshold of the new tier is bounded, the coverage probability is strictly increasing regardless of what the power P K+1 and the density λ K+1 of the new tier are.
Proposition 2 states one sufficient condition for (9) to hold.
Proposition 2. A sufficient (and not necessary) condition for the constraint in (9) is
Proof: The proof is given in Appendix B.
B. Open Access, Noisy, α = 4
In noisy media, since the exact equation for the coverage probability of an HCN is not mathematically tractable, we consider the special case of relatively lossy environments where α = 4. Proposition 3 gives the condition that should be satisfied in the parameters of the new tier so that the overall coverage probability increases.
Proposition 3. In a noisy environment with α = 4, the coverage probability of a K-tier HCN increases by adding a new tier, if the following condition is satisfied.
Proof: The proof is given in Appendix C.
Proposition 3 shows that in relatively lossy environments, unlike the interference-limited case, the strictly increasing condition for the coverage probability depends on all parameters of the new tier, i.e. λ K+1 , β K+1 , and P K+1 .
C. Closed Access, No Noise, α > 2
The coverage probability of an HCN in the closed access interference-limited scenario is given by (5) . Rewriting the strictly increasing condition, we have
which gives
where B K represents the accessible tiers for the typical user until the K th tier. Two scenarios are possible:
1) The added tier is in the closed or unauthorized region.
In this case, since B K+1 ≡ B K , the numerators of both sides of (13) are equal. Nevertheless, the denominator of the RHS of (13) is smaller, and thus, the overall coverage probability decreases. In other words, if the added tier is in the closed region, regardless of what the parameters of the network are, we have P
2) The added tier is in the open or authorized region.
The mathematical analysis in this case is like the open access scenario. Actually, since i∈B K+1
we have
It can be seen that the result of this case is the same as the open access scenario. 
V. SIMULATION RESULTS
In this section, we present simulations regarding our findings in the previous sections. For a 3-tier network, we plot the exact coverage probability along with the derived upper bounds for different values of α in Fig. 2 . As it can be seen in this figure, the derived upper bound in Proposition 1 is very tight that it can be considered as a good approximation for the coverage probability of an HCN. However, the upper bound in (7) is shown to be very loose compared to that of Proposition 1. Hence, one can easily evaluate the coverage probability of an HCN using Proposition 1 without the need of any integral computation.
For the coverage probability to be strictly increasing with respect to the number of tiers K, as found in (9), the SIR threshold of the new tier β K+1 has to be less than a value related to the coverage probability of the original K-tier network. Fig. 3 shows the coverage probability for different values of α and different number of tiers. We point out three main observations here.
1) The difference between coverage probabilities for small values of α is negligible, whereas it is considerable for larger values of α. The intuition behind this result is that in populated and dense areas where 4 < α < 6, adding more BSs in form of a new tier can considerably increase the coverage probability; however, this work does not help much in less dense regions.
2) For a constant value of α, the difference between coverage probabilities is decreasing with respect to the number of tiers K. As an example, we get much more in terms of the coverage probability from adding the second tier to the first tier than from adding the third tier to the first and second tiers.
3) As α increases, the intersections of different tiers coverage probabilities tend to move left, i.e. smaller values of the SIR threshold of the first tier β 1 . This means Fig. 3 . Coverage probabilities for multi-tier networks with P 1 = 10 2 P 2 = 10 4 P 3 = 10 5 P 4 , λ 1 = 0.1λ 2 = 0.02λ 3 = 0.01λ 4 , β 2 = 2 dB, β 3 = 1 dB, and β 4 = 0.5 dB.
that in denser areas, the desired property of the coverage probability to be increasing with respect to the number of tiers requires smaller values of β 1 . One can see this result analytically by rewriting (9) in terms of β 1 instead of β K+1 . The exact intersection points are derived as follows.
, where β
Th 1
is the SIR threshold.
Hence, based on the imposed economical costs and the improvements in the coverage probability, we should see does it worth to add a new tier to the network or not.
VI. CONCLUSION
In this paper, we derived a precise upper bound for the coverage probability of downlink heterogeneous cellular networks and showed its tightness via simulation. We have also considered the problem of adding new tiers to such networks and studied its effects on the overall coverage probability. It is desired for the coverage probability to be increasing with respect to the number of tiers, i.e. as we add new tiers to the network, the total coverage probability should be increased. In order to accomplish this goal in the interference-limited scenario, we found that the SIR threshold of the new tier must be less than a particular value which is a function of the coverage probability of the original network. Simulation results verified our analysis and demonstrated that adding more BSs in form of a new tier in populated areas can considerably increase the coverage probability. On the other hand, in less dense regions, the coverage probability remains approximately constant for different number of tiers and we do not gain much momentum by adding new tiers to the network. 
Letting f (x) = e −aix and g(x) = e −bix α/2
, we have [13] , eqn. (3.326.1)
Consider the right-hand side (RHS) in (15) as a function of u.
To obtain the tightest upper bound, we have to find a value of u which minimizes this equation. Differentiating with respect to u and setting the result to 0, the second condition of the proposition follows.
APPENDIX B PROOF OF PROPOSITION 2
Letting K = 1, 2, we have the following conditions for adding the second and third tiers, respectively.
Comparing (16) with (10), the first condition is clear and we observe that the RHS of the second condition is greater than the minimum of β 1 and β 2 (which is β 2 here). Now, if β 3 < min{β 1 , β 2 }, both conditions in (16) are satisfied. However, the condition β 3 < min{β 1 , β 2 } can be violated without affecting (16). Using strong mathematical induction, the proposition is proved for arbitrary K.
APPENDIX C PROOF OF PROPOSITION 3
Letting α = 4 in (3), we have
where the superscript "l" denotes the relatively lossy environment, Q(x) = 1 √ 2π
2 du is the standard Q-function, and the defined parameters are
In order to simplify (17), we use a purely exponential approximation for the Q-function as follows [14] . 
Substituting (18) into (17) gives 
Rewriting the strictly increasing condition for the coverage probability (8) in this case, we have ,
where θ K+1 = λ K+1 P K+1 . Now, we suppose
1, where a number as large as 5 suffices for our application. This assumption is well satisfied in actual HCNs [2] , [7] . Hence, e 
